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Anomalous ion heating from ambipolar-constrained magnetic
fluctuation-induced transport
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A kinetic theory for the anomalous heating of ions from energy stored in magnetic turbulence is
presented. Imposing self-consistency through the constitutive relations between particle
distributions and fields, a turbulent Kirchhoff’s Law is derived that expresses a direct connection
between rates of ion heating and electron thermal transport. This connection arises from the
kinematics of electron motion along turbulent fields, which results in granular structures in the
electron distribution. The drag exerted on these structures through emission into collective modes
mediates an effective ambipolar constraint on transport. Resonant damping of the collective modes
by ions produces the heating. In collisionless plasmas the rate of ion damping controls the rate of
emission, and hence the ambipolar-constrained electron heat flux. The heating rate is calculated for
both a resonant and nonresonant magnetic fluctuation spectrum and compared with observations.
The theoretical heating rate is sufficient to account for the observed twofold rise in ion temperature
during sawtooth events in experimental discharges. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1348035#
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I. INTRODUCTION

Anomalous ion heating is a feature of many laborato
plasma experiments with high levels of magnetic fluctu
tions. The reversed field pinch~RFP!,1–3 spheromak,4 and
the magnetic reconnection experiment~MRX! ~Ref. 5! all
exhibit an anomalously high ion temperature. In these ca
the temperature cannot be explained by the standard Oh
heating process in which ions are heated by collisions w
electrons. In the Madison Symmetric Torus~MST!,6–8 the
average core ion temperature during both the initial temp
ture rise and the subsequent flat top is inconsistent with
collisional equilibration process. For example, in recent m
surements the ion temperature is equal to the electron
perature between sawtooth events, even though the heat
Ohmic.8 During sawtooth events the intensity of a bac
ground of magnetohydrodynamic dynamo fluctuations
dergoes a significant enhancement. Simultaneously, the
temperature increases by as much as 100%, while the e
tron temperature drops~see Fig. 10 in Ref. 7!. The ion tem-
perature increase indicates a correlation between ion hea
and magnetic fluctuation level. The decrease of electron t
perature is noteworthy. Because it falls below the ion te
perature it can only be explained by an enhanced elec
energy loss, or a transient decrease in the Ohmic heatin
electrons. The latter is ruled out by the increase in loop v
age that accompanies sawtooth events. During startup in
MST, the ion temperature also rises above the elec
temperature.7 The spheromak and MRX plasmas differ fro
the RFP in many ways, yet share in common the presenc
anomalous ion heating and significant levels of magnetic

a!Electronic mail: rgatto@facstaff.wisc.edu
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bulence. It thus seems plausible that anomalous ion hea
is a natural by-product of magnetic turbulence.

Despite its importance in experiments, theoretical wo
on anomalous ion heating has been limited. Ion cyclot
resonance damping9 and ion viscous damping10,11 have been
invoked for ion heating in the RFP. Within the viscous he
ing scenario it has also been argued3 that the same fluctua
tions that heat the ions lower the electron temperat
through an enhancement of the electron energy flux. Ho
ever, for viscous dissipation to be effective, a cascade
small scales seems likely. In a cascade of magnetic tu
lence, electrons are also heated through Landau resona
and the rates of electron and ion heating are comparable9 In
such a case it is not clear how a rise in ion temperature m
be connected to a drop in electron temperature. Ion hea
has also been considered in the two-fluid theory that reso
ion and electron structures in forced magne
reconnection.12 In that theory, the heating of ions occu
through a dc electric field, and is therefore quite differe
from the manifestly turbulent process considered herein.

In this paper we show that ion heating is a natural b
product of magnetic turbulence through a constraint ass
ated with Ampe´re’s Law and quasineutrality that allows ion
to slow electron loss rates. This leads to a turbulent Kir
hoff’s Law expressing a direct connection between anom
lous electron transport, which removes energy from el
trons, and ion heating. The process originates with
granular structure produced by the magnetic turbulence
the electron distribution function and its shielding by t
plasma dielectric.13 The role of turbulent granularity in mag
netic fluctuation-induced electron transport has been do
mented in a series of papers examining successively hig
transport moments.14–16 For the particle and field-aligned
momentum fluxes, it was found that the transport from m
© 2001 American Institute of Physics
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netic turbulence nearly vanishes relative to the electrost
fluxes and the flux of the non self-consistent quasilin
approximation.14,15 The residual transport is smaller than t
quasilinear or electrostatic fluxes by the ratio of ion to el
tron current contributions in Ampe´re’s Law, and therefore
resembles an ambipolar-constrained transport flux. Howe
it is not the conventional constraint of an ambipolar elec
field, because it arises from an electromagnetic dielectric
sponse to granular structure. This paper does not deal
conventional ambipolarity, hence this effective ambipo
constraint of the dielectric response to granular structure
hereafter be referred to as simply an ambipolar constrain
prior calculations it was also found that for electron therm
transport, the flux of perpendicular energy breaks i
ambipolar- and nonambipolar-constrained componen16

The former dominates when the magnetic fluctuations
sponsible for transport are resonant at distant rational
faces. This is the situation in the MST edge, where the fl
tuations driving electron thermal transport are the co
resonant unstable tearing modes. The measured flux refl
an ambipolar constraint because it can be expressed
Rechester–Rosenbluth diffusivity, but with the ion therm
velocity in place of the electron thermal velocity.16 The flux
is also convective, despite a robust temperature grad
Near the rational surfaces of transport-causing fluctuatio
located in the core region in the MST, the nonambipol
constrained component dominates. The flux is larger t
that of remote locales by the ratio of electron to ion therm
velocities. Subsequent to the predictions of Ref. 16, c
transport in MST was inferred through profile measureme
and power balance analysis. The thermal diffusivity
creases by a factor of 40 in going from the edge to the cor17

The rise in diffusivity occurs near the reversal surface,
region that separates the transport-causing core fluctua
from smaller scale edge turbulence.

We extend here the prior calculations of ambipolar co
straints in magnetic fluctuation-induced transport14–16 to cal-
culate the heating of ions intrinsic to these constraints.
though the origin of these constraints and the underly
physics that introduces them has been detailed in
literature,13,18–22 we present here a brief introduction. Th
granular or clumpy component of the distribution functi
arises simply from the inhomogeneity of turbulent mixin
Particles that are barely separated experience nearly the
scattering force, and hence remain correlated longer t
those with large separation. In magnetic turbulence this
closely related to the magnetic field topology, with neighb
ing field lines remaining bundled for a greater distance alo
the field line, than field lines that are far apart. This inhom
geneity of turbulent mixing is lost if the distributions an
fields are treated solely as normal modes, because the no
mode ansatz makes the mixing rate identical for
separations.13 Therefore, the clumpy part of the distributio
which arises in a complete description from the weak rela
scattering at short separation, is distinct from the norm
mode component. By definition, a normal mode entails
coherent relationship between the distribution function a
the potentials, with the distribution functionh(k), electro-
static potentialf(k), and the parallel component of the ma
Downloaded 09 Feb 2007 to 128.104.165.60. Redistribution subject to AIP
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netic vector potentialAi(k) all proportional to exp(ik"x).
This coherent relationship implies that the normal mo
component of the distributionhc(k) ~where the superscriptc
signifies coherent! can be written in terms of dielectric sus
ceptibilitiesRf andRA as

hc~k!5Rf~k!f~k!1RA~k!Ai~k!. ~1!

Because the clump is not captured in the normal mode
sponse its contributionh̃(k) at wave numberk is incoherent,
i.e., it is not proportional to either potential at the wave nu
ber k. When the full distributionhc(k)1h̃(k) is substituted
into the quasineutrality condition or Ampe´re’s Law, the
normal-mode component can be collected into dielectric t
sor elements. The clump component is incoherent and c
not. As a simple illustration, consider Poisson’s equation
purely electrostatic fluctuations having coherent response
the electrons and ions and an incoherent component in
electron distribution,

k2f~k!54peE d3v@hi
c~k!2he

c~k!2h̃e~k!#.

The coherent densitieshi
c(k)5Rf

i f(k), he
c(k)5Rf

e f(k)
can be collected into a dielectric k2«(k)5k2

24pe*d3v(Rf
i 2Rf

e ), yielding

k2«~k!f~k!524peE d3vh̃e~k!. ~2!

This expression is clearly analogous to the shielding of a
charge, where the incoherent charge densityq*d3vh̃ appears
in place of the test charge densityqtestd(x).

The shielding physics constrains transport because
quasineutrality condition @Poisson’s equation for k
!(Debye length)215lD

21] and Ampére’s Law are the con-
stitutive relations required to close the drift-kinetic descr
tion and make it self-consistent. Electron transport mome
necessarily involve the incoherent distribution, i.e.,^Ue(v)&
5*d3vUe(v)he5*d3vUe(v)(he

c1h̃e), whereUe(v) is any
function of velocity. The description is only complete whe
the fields that forcehe

c1h̃e are determined self-consistent
from the constitutive relations. Imposing an expression l
Eq. ~2! constrains the transport in two crucial ways. First
introduces ion physics in an electron transport mom
through «(k), yielding ambipolar constrained flux compo
nents. Second, because«(k) containshe

c , it modifies the role
played byhe

c in transport from that predicted by quasiline
theory, or any other non self-consistent description of tra
port. In the self-consistent magnetic fluctuation-induc
transport of particles, field-aligned momentum, and para
energy, he

c cancels out altogether, leaving only th
ambipolar-constrained components. These cancellations
the appearance of ion dynamics reflect the energy and
mentum constraints in wave–particle interaction physics
trinsic to the system of the drift-kinetic and Maxwell’s equ
tions.

The interaction of clumps with the shielding dielectric
in fact a finite-amplitude analog to discreteness effects i
nonturbulent plasma with finite plasma parameter.23 In the
latter case, moving discrete particles~scales,lD) drag the
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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dielectric cloud~scales.lD), inducing emission into the
dielectric at its zeros or collective resonances, whatever t
may be. The rate of emission is equal to the dielectric
sorption rate, as expressed by Kirchhoff’s Law. Transpor
described by the Lenard–Balescu equation, and relaxa
rates, which require dissipation, are proportional to the
sorption rate. For transport moments that do not relax un
like-particle collisions only~e.g., the particle flux!, the emis-
sion rate, which controls relaxation, can only be proportio
to absorption by the other, unlike-particle species. An ana
gous process occurs for clumps. The above set of statem
describing discreteness physics holds for clumps, if
words ‘‘discrete particles’’ are replaced by ‘‘clumps,
‘‘ lD’’ by ‘‘turbulent correlation length,’’ ‘‘Kirchhoff’s
Law’’ by ‘‘turbulent Kirchhoff’s Law,’’ and ‘‘Lenard–
Balescu equation’’ by ‘‘turbulent kinetic equation.’’

Ion heating, the subject of this paper, originates in
above process as the energy absorbed by the ions from e
sion by the clump component of the electron distribution. I
heating is generic in the sense that the process is not spe
to any particular type of mode or ion absorption mechanis
We will also keep the calculation fairly generic by stipula
ing that there is an unstable collective resonance in the
bulent spectrum, i.e., an instability that drives the turbulen
but not specifying its details. We therefore calculate the e
tron heat flux and the ion heating rate associated with so
specified level of turbulence consistent with some instabi
and its saturation. To compare with experiment, we can
measured fluctuation levels, but must determine if appro
mations made in the calculation are compatible with the
perimental conditions. For the simple expressions used
this calculation~the forms are given in the next section! the
collective mode of the dielectric into which the granular flu
tuations emit is a drift-Alfve´n mode. For the ion absorptio
rate, a variety of dissipation mechanisms could be invok
but we will use Landau damping as the one that seems m
consistent with conditions attendant to the absorption of p
allel energy in the MST.

These calculations yield an ion heating rate that is su
cient to explain the observed ion temperature rise in the M
core during sawtooth events. The temperature evolutio
obtained from the heating rate using a simple ze
dimensional transport model. The model incorporates
anomalous ion heating rate from the ambipolar-constrai
flux of parallel electron energy, and the electron heat l
rate from the nonambipolar-constrained flux of perpendicu
energy.~As explained above, a spectrum of locally reson
magnetic fluctuations yields a transport of perpendicular
ergy that is dominated by the nonambipolar-constrain
component.! We use the model to predict the electron a
ion temperature transients associated with sawtooth even
the MST. Prior to the sawtooth, Ohmic heating and anom
lous transport in the electrons are balanced to yield a stat
ary electron temperature. A similar balance betwe
electron-ion collisional equilibration, anomalous ion heatin
and ion transport losses yields a stationary ion temperat
The sawtooth event is imposed in the model as a trans
rise in magnetic fluctuation level and a subsequent retur
the original level over a time scale of the order of a millise
Downloaded 09 Feb 2007 to 128.104.165.60. Redistribution subject to AIP
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ond. This heuristic modeling exercise leads to ion and e
tron temperature transients that are qualitatively like those
experiment. The ion temperature rises by 100% and the e
tron temperature drops below the ion temperature. After
sawtooth events the signals return to their pre-sawtooth
ues. The decay rate of the ion temperature to its pre-sawt
value is considerably slower in the model than in experim
because the confinement time inferred from the sim
steady state balance is larger than the experimental va
The modeling exercise is crude but significant becaus
shows that the anomalous ion heating rate of the turbu
Kirchhoff’s Law is sufficient to account for the net ion tem
perature rise and the dip in electron temperature. It is
crude to offer accurate modeling of relaxation rates.

This paper is organized as follows. In Sec. II we intr
duce the general theoretical ideas behind our calculat
This includes the basic kinetic equations on which the the
is based and the self-consistency constraints which gov
the kinematics and energetics of the electron and ion dis
bution functions. In Sec. III we detail the calculation of th
anomalous flux of electron parallel energy due to magn
turbulence, and present the energy balance that ties this
to ion heating. An explicit expression for the latter is pr
sented for the cases of resonant and nonresonant mag
fluctuation spectra. In Sec. IV, we address the flux of
perpendicular component of electron energy, and const
the simple zero-dimensional transport model. Representa
temperature time histories are presented for the sawto
modeling exercise. A conclusion section ends the paper.

II. THEORETICAL FRAMEWORK

The basis for the heating and transport calculations
scribed in this paper is the drift-kinetic equation~DKE!. The
DKE is obtained by averaging the Vlasov equation over
rapidly oscillating component of motion under the assum
tion that all terms in the equation are of orderd5r/L!1
compared to gyromotion (r is the particle’s gyroradius andL
is a scale length characterizing the plasma!. As usual in low-
b magnetic turbulence, we assumeki /k'!1. In the Cou-
lomb’s gauge (“"A50), this implies that the perpendicula
components of the magnetic potential,uA'u5(ki /k')Ai , can
be neglected. Choosing as velocity variables the parallel
locity v i , the magnetic momentm5mv' /(2B0), and the
gyrophasew ~wherei and' refer to the parallel and perpen
dicular directions of the unperturbed magnetic field!, and ne-
glecting effects due to equilibrium magnetic field inhomog
neity and curvature, the DKE for the electron species
given by

] f̄ e

]t
1~v ib1vE3B!•

] f̄ e

]x
1

qe

me
E"b

] f̄ e

]v i
50. ~3!

Here f̄ e is the gyroaveraged electron distribution functio
b5Btot/B0 is the unit vector in the direction of the magnet
field, vE3B5(c/B0)EÃb0 is the E3B drift velocity, and
qe52e. In the case under consideration the electric field h
only a perturbed component,E, while the magnetic field has
both equilibrium (B0) and perturbed (B) parts. The latter is
related to the vector potential byB5“AiÃb0 . Thenb.b0
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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1b̃, with b̃5“AiÃb0 /B0 , and the electric field has bot
electrostatic and magnetic components,E52“f2(1/c)
3(]A/]t). The streaming term contains a magnetic flut
operator,v ib̃"“, and theE3B drift has a magnetic compo
nent 2(1/B0)(]A/]t)Ãb0 . Since the fieldsf and Ai are
also assumed to vary slowly~in space and time! with respect
to the space-time scales associated with the motion of g
tion, the gyroaveraged electron distribution functionf̄ e can
be divided into an averaged part^ f̄ e& and a perturbed par
defined asd f̄ e[ f̄ e2^ f̄ e&. The averaging operator̂•••& is
now an ensemble average which removes any fast time-s
variation associated with the perturbing fields. The avera
part can in turn be decomposed into an equilibrium pie
approximately a local Maxwellian distributionf e,M(v)
5n0 /(p3/2ve

3)exp(2v2/ve
2) @where ve[(2Te /me)

1/2], and
a slowly time-dependent part which describes its evolut
on a transport time scale. Using this decomposition forf̄ e in
Eq. ~3!, ensemble averaging, and taking the energy mom
we arrive at the following energy balance describing the ti
evolution of the kinetic energy associated with^ f̄ e&:

]

]tE d3v
mev

2

2
^ f̄ e&5He2“"Qe . ~4!

The first term on the right-hand side is the electron Jo
heating, while an explicit form for the energy flux present
the remaining term is

Qe5E d3v
me~v'

2 1v i
2!

2

c

B0
K b0Ã“S f2

v i

c
Ai D d f̄ eL ,

~5!

where we have written the total energy in terms of para
and perpendicular components and note that the flux of
ergy can similarly be broken into components represen
the flux of parallel and perpendicular energy. In this expr
sion for the flux, the perturbed distribution functiond f̄ e can
be replaced by its nonadiabatic parthe[d f̄ e1qe /Te@f
2(v i /c)Ai#, since the adiabatic contribution~the second
term in the definition ofhe) does not produce transport. Th
equation forhe is derived from Eq.~3!. We obtain

]he~x,v,t !

]t
1S v ib02

c

B0
“fÃb01v i

“AiÃb0

B0
D "“he

5(
k,v

iqe

Te
f e,M~v2v

* ,e
T !S f2

v i

c
Ai D

k,v

3exp~2 ik"x1 ivt !, ~6!

where

v
* ,e
T [v* ,eF11heS v2

ve
2

2
3

2D G ,

v* ,e[
cTe

qeB0
~kÃb0"r !

1

Lne

are the diamagnetic frequencies,Lne

21[ne
21]ne /]r , LTe

21

[Te
21]Te /]r , he[Lne

/LTe
, and we have dropped the ve
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locity space nonlinearities, which play a negligible role
the dynamics under consideration. The right-hand side
source term due to inhomogeneities in the equilibrium dis
bution function. This term is responsible for transport. O
the left-hand side, the perturbing fieldsf and Ai produce
nonlinearities which advect the perturbed distribution fun
tion. Electrostatic fluctuations give rise to the only retain
perpendicular drift, theE3B0 velocity. The flutter term, as-
sociated with the fluctuating magnetic potential, introduc
the ballistic streaming of particles along the perturbed m
netic field.

As described in the Introduction, the nonadiabatic el
tron distribution function can be broken into a coherent (he

c)
and an incoherent component (h̃e),

he5he
c1h̃e . ~7!

The coherent component supports a normal mode resp
and can therefore be written as

he
c~k,v;v!5Rf

e ~k,v;v!f~k,v!1RA
e~k,v;v!Ai~k,v!,

~8!

whereRf
e and RA

e are the electron contributions to the su
ceptibilities introduced in Eq.~1!. These functions are ob
tained from the solution of Eq.~6!. In the absence of the
nonlinear terms, whose convolutions in Fourier space p
duce driving ofhe(k) by potentials at wave numbers oth
thank, the solution of Eq.~6! is obviously coherent, with

Rf
e 5

qe

Te
f eM

v2v
* ,e
T

v2kiv i
, RA

e52
v i

c
Rf

e . ~9!

Under standard renormalized treatments of the nonlineari
the solution of Eq.~6! remains coherent, yielding respons
with a broadened propagator. In weak to moderate tur
lence this broadening can be neglected. The nonlinear d
ing of he(k) by the Fourier potential amplitudes at oth
wave numbers, which produces the incoherent distribut
h̃e(k), is only recovered in renormalized treatments of t
two-point correlation̂ he(x1 ,v1 ,t)he(x2 ,v2 ,t)&. In that type
of calculation, which is not repeated here, the vanishing
relative scattering at small separations in phase spacex1

2x2)→0, (v12v2)→0, and the short range correlation,
clump, it produces is identified directly withh̃e(k).

A simplified picture of the propagation and decay
localized incoherent fluctuations in a region of steady-st
perturbed magnetic field lines is presented in Fig. 1. A gro
of perturbed magnetic field lines locally bunched togeth
spatially decorrelate~i.e., separate from one another! by
spreading radially a distanceDR ~decorrelation length! for a
longitudinal displacementZ5L i . A group of electrons

FIG. 1. Schematic representation of the propagation and decay of a clum
steady-state magnetic turbulence.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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which are initially approximately at the sameZ location, are
separated by a distance less thanDR ~within the encircled
region to the left of the picture! and have equal velocities
ballistically propagate along the field lines. During th
streaming, the electrons at the edge of the region decorre
faster from an electron in the center than do electrons in
interior region close by the central electron. Consequen
electrons within a radial correlation length form a clump th
decays as the electrons stream along the field~as indicated by
the smaller encircled region to the right!. In the more genera
context of time-dependent magnetic turbulence, the clu
lifetime depends on the Lyapunov time, i.e., the time t
two neighboring field lines will remain correlated~diffuse
together!, as well as on the relative streaming velocities
the individual electrons. Moreover, there are self-consiste
effects: when electrons follow a magnetic field line th
changes direction, the change in electron momentum
back on the field line through the constitutive relation
changing the field configuration. The proper accounting
these self-consistency effects lies at the heart of this pa
As electron clumps move through the plasma, they drag
shielding cloud, and are forced by conservation constraint
emit into the dielectric. The dielectric absorbs this emiss
at a collective resonance.

The ions can also be described by a DKE similar to E
~6!. Of particular importance is the evolution equation for t
mean kinetic energy,

]

]tE d3v
miv

2

2
^ f̄ i&5^EiJi i&2“"Qi , ~10!

which contains the ion heating term. For fluctuations that
predominantly magnetic, the ion heating term is given by

Hi[^EiJi i&52
1

c K ]Ai

]t
Ji i L , ~11!
t
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whereJi i is supplied by the appropriate moment of the non
diabatic ion distribution. As with the electron distributio
the nonadiabatic ion distribution contains a normal mode
coherent, part. For magnetic turbulence it is readily appa
that the incoherent ion component is negligible. As e
plained, the incoherent part results from streaming-part
motion along the field, henceh̃i is smaller thanh̃e by
(me /me)

1/2. The ion distribution can therefore be written a

hi~k,v;v!5Rf
i ~k,v;v!f~k,v!1RA

i ~k,v;v!Ai~k,v!.
~12!

For weak to moderate turbulence under MST-like conditio
where the fluctuation frequency is low, the dissipative par
the ion susceptibilities is governed by the ion Landau dam
ing. For strong turbulence the resonances are broadened
ion Compton scattering comes into play.

The shielding plasma potentialsf(k,v) and Ai(k,v)
are governed by quasineutrality and Ampe´re’s Law, which,
in our framework, can be succinctly written as

F dff
ei ~k,v! dfA

ei ~k,v!

dAf
ei ~k,v! dAA

ei ~k,v!G F f~k,v!

Ai~k,v!G5F 24peñ~k,v!

2
4p

c
J̃i~k,v!G .

~13!

In the above,ñ5*d3vh̃(v) and J̃i5e*d3vv ih̃(v) are the
density and current density sources associated with
clump population. By definition of incoherent fluctuation

@ h̃(k,v;v)}f(k8,v8),Ai(k8,v8)# these fluctuations canno
be included in the elements of the dispersion tensor, i.e.
the left-hand side of Eq.~13!. The elements of the dispersio
tensor are given by
F dff
ei ~k,v! dfA

ei ~k,v!

dAf
ei ~k,v! dAA

ei ~k,v!G54peE d3vF Rf
e ~k,v,v!2Rf

i ~k,v,v! RA
e~k,v,v!2RA

i ~k,v,v!

v i

c
@Rf

e ~k,v,v!2Rf
i ~k,v,v!#

v i

c
@RA

e~k,v,v!2RA
i ~k,v,v!#G . ~14!
ani-

ump

ate
di-

per-
Inverting Eq. ~13! we obtain the following self-consisten
expressions for the potentials:

Ai~k,v!524pL21,ei~k,v!Fdff
ei ~k,v!

1

c
J̃i~k,v!

2dAf
ei ~k,v!eñ~k,v!G , ~15!

f~k,v!524pL21,ei~k,v!FdAA
ei ~k,v!eñ~k,v!

2dfA
ei ~k,v!

1

c
J̃i~k,v!G . ~16!
In these expressions, the coherent shielding response m
fests itself through the dispersion elements~14!, while the
shielded incoherent fluctuations are represented by the cl

density ñ and current densityJ̃i . Later on, by using these
potentials in the electron heat flux and the ion heating r
expressions we will ensure self-consistency. The plasma
electric response is described by the elements of the dis
sion tensor,

Lei~k,v!5detF dff
ei ~k,v! dfA

ei ~k,v!

dAf
ei ~k,v! dAA

ei ~k,v!G . ~17!
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Collective modes correspond to zeros of the dielectric, e
with a dispersion relation v5v(k) obtained from
Lei(k,v)50.

In the remainder of this paper we calculate the anom
lous electron energy transport and associated ion heating
suming fluctuations that are predominantly magnetic.
will assume limited spectrum linewidth broadening, a
hence neglect nonlinear broadening contributions to the e
tron and ion propagatorsRe and Ri . In this approximation,
the propagators are given by

Rf
s 5

qs

Ts
f sM

v2v
* ,s
T

v2kiv i
, RA

s 52
v i

c
Rf

s ~18!

@s5e(s5 i ) referring to electrons~ions!#. As a consequence
the only nonlinear effect in the calculation follows from th
inclusion of the incoherent part of the electron distributio
h̃e . Moreover, the electron linear response will be appro
mated by its resonant part, consistent with collisionless
namics. These assumptions lead to cancellations in the e
tron parallel energy flux, leaving only the drag ter
associated with the shielding of the incoherent fluctuat
from the ion contribution to the dielectric. Because of th
the electron parallel energy flux will be proportional to t
ion heating. If there is a principal part of the linear respon
from collisions and/or a significant nonlinear broadeni
contribution, the electron parallel energy flux retains a q
silinear electron–electron term and an electron–elec
drag-like term, and the simple proportionality with the io
heating is lost. With regard to the ion response, the lin
approximation is for simplicity. Resonance broadening c
tributions in the ions have no effect on the cancellation j
mentioned and do not change the results qualitatively.

In the remaining sections, for simplicity, we will displa
only the results of the heat flux and ion heating associa
with the magnetic potentialAi . However, the calculations
are carried out retaining the full electromagnetic response
needed in order to properly impose self-consistency.
ro
s

ro
ric

t
on
d
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III. RADIAL FLUX OF PARALLEL ELECTRON KINETIC
ENERGY AND ION HEATING RATE

In this section we will calculate the radial flux of elec
tron parallel energy and the associated ion heating rate
derive a self-consistent expression for the flux of para
electron energy in the presence of incoherent fluctuations
first assume steady-state, homogeneous turbulence and
form a space–time average on the Fourier transformed
pression of Eq.~5!. Then, dividing the nonadiabatic electro
distribution he into its coherent and incoherent parts@Eq.
~7!#, we express the radial component of the parallel elect
energy flux in terms of the Lenard–Balescu turbulent co
sion integral,14,24

Q̄e
i 5RE d3v

mev i
2

2 (
k,v

ic

B0
~kÃb0"r !

v i

c

3@RA
e~k,v;v !^AiAi&k,v1^Aih̃e~v!&k,v#, ~19!

where we have adopted the notation^aa&k,v5^a(2k,
2v)a(k,v)&, and where the terms proportional to the ele
trostatic responses have been omitted as noted above.
expression describes the radial loss of parallel heat ass
ated with electron streaming along the perturbed magn
field. The first term inside the square brackets is the qu
linear diffusion contribution, while the second term, arisi
from the incoherent part of the distribution, is a drag-li
term which represents the shielding of clumps by the plas
dielectric and the consequent emission process into co
tive modes. This shielding and drag process enters Eq.~19!
when the calculation is made self-consistent by relating
magnetic potential present in the two correlations to
charge distribution through Ampe´re’s Law and quasineutral
ity. Introducing Eq.~15! into Eq.~19! and making use of the
definitions of dAA

ei and dfA
ei @Eq. ~14!# and of the identity

(1/Lei)* 5Lei/uLeiu2 @whereLei is defined in Eq.~17!, and
the superscript* indicates complex conjugation#, we obtain
the following expression for the parallel electron heat flux
Q̄e
i 5R(

k,v

ic

B0
~kÃb0"r !u4pLei,21u2

e

cE d3vE d3v8
mev i

2

2

v i

c S v i8

c
dff

ei 2dAf
ei D $RA

e~v!@dff
ei* ^J̃ih̃e~v8!&k,v

2ecdAf
ei* ^ñh̃e~v8!&k,v#2RA

e~v8!@dff
ei* ^ J̃ih̃e~v!&k,v2ecdAf

ei* ^ñh̃e~v!&k,v#1RA
i ~v8!@dff

ei* ^ J̃ih̃e~v!&k,v

2ecdAf
ei* ^ñh̃e~v!&k,v#%. ~20!
ase
a

m-
ity

int
int
The first two contributions inside the curly brackets are p
portional toRA

e and represent quasilinear diffusion, a proce
involving only electrons, and the drag exerted on elect
clumps by the electron component of the shielding dielect
respectively. The last term, proportional toRA

i , comes from
the drag exerted on electron clumps by the ion componen
the dielectric. These drag terms are called the electr
electron and electron–ion drag, respectively. As discusse
Sec. II, we approximate the electron response in Eq.~20!
-
s
n
,

of
–
in

with its resonant linear part,RA
e}d(v2kiv i). Moreover, the

incoherent fluctuations propagate ballistically at the ph
velocity u5v/ki . This property can be demonstrated by
solution of the two-point equation which governs the dyna
ics of the correlation of incoherent density, current dens
and the incoherent distribution function.13,25,26 In terms of
the Fourier transformed correlation, the two-time, two-po
correlation can be written in terms of a one-time, two-po
correlation multiplied by a ballistic operator,
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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^K̃h̃e&k,v52pd~v2kiv i!^K̃h̃e&k ,

where the quantityK̃ is eitherñ or J̃i . Because of thed(v
2kiv i) factor in both the two-point correlation and the ele
tron coherent response, the quasilinear diffusion and
electron–electron drag cancel each other, and the dissip
ion–electron interaction of the electron–ion drag remains
the only parallel energy transport mechanism. This is
cancellation ofhe

c alluded to in the Introduction. Expressin
the remaining correlations of eitherñ or J̃i with h̃e in terms
of Ai , again using Eqs.~15! and ~16!, we obtain

Q̄e
i 5R i(

k,v
~kÃb0"r !

meu
3

2B0
^AiAi&k,vF E d3vRA

i ~k,v;v !G .
~21!

The flux of parallel electron energy is ambipolar, regardl
of the nature of the fluctuation spectrum or ion respon
Anticipating here a result presented in the following secti
the intrinsic ambipolarity of the electron parallel energy fl
will not be found in the perpendicular energy flux. In th
latter, which is given by Eq.~20! but with mev i

2/2 replaced
by mev'

2 /2, the quasilinear conductive flux survives the ca
cellation of drag and diffusion. There are thus nonambipo
constrained and ambipolar-constrained components. W
dominate depends on the form of the magnetic fluctua
spectrum.16

We now consider the velocity integral over the ion r
sponse and the spectral sums present in Eq.~21!. Again fol-
lowing the discussion of Sec. II, we will perform the integr
tion using an adiabatic ion approximation, i.e.,RA

i }(v
2kiv i)

21. After the integration is performed, the flux o
parallel electron energy can be cast as

Q̄e
i 52v i S Dn

1

Lni

1DT

1

LTi
D n0Te , ~22!

with transport coefficientsDn andDT that still include thek
summation. To perform the latter, we first note that beca
magnetic fluctuation-induced transport is produced by p
ticles streaming along turbulent fields, the flux is critica
sensitive to spectral variations inki . Based on the previou
discussion on the observed features of the fluctuation s
trum in MST,16 we have obtained explicit expressions for t
transport coefficients in Eq.~22! for the two distinct cases o
a resonant and nonresonant spectrum of widthDki . In the
first case, the spectrum is peaked aboutki50, as it is in the
core of MST. The transport coefficients are given by

Dn5 (
k' ,v

DMS v i

ve
D 2S 12

v

v* i
D S 11

Du2

v i
2 D exp@2~Du/v i !

2#,

DT5 (
k' ,v

DMS v i

ve
D 2 3

2 S 11
Du2

v i
2

1
2

3

Du4

v i
4 D

3exp@2~Du/v i !
2#.

Here we have simplified the notation by introducing t
magnetic diffusivityDM[(Ap/Dki)(B̃/B0)2, and by defin-
ing the quantityDu[v/(Dki /2). Moreoverv is understood
to be the real part of the frequency. Assuming a spectr
Downloaded 09 Feb 2007 to 128.104.165.60. Redistribution subject to AIP
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width that encompasses the core resonant tearing modem
51, n56 – 8), and a frequency on the order of the diama
netic frequency, the parameterDu is small in the core of the
MST. Expanding to zero order in this quantity we obtain

Dn5 (
k' ,v

DMS v i

ve
D 2S 12

v

v* i
D , ~23!

DT5 (
k' ,v

3

2
DMS v i

ve
D 2

. ~24!

In the nonresonant case, we assume a peaked spec
that is shifted offki50 by an amountki0.0. The latter case
represents the spectrum typical of the edge region of
MST, having no power in the locally resonant modes
which ki.0 and being dominated by modes resonant at
mote rational surfaces. In this case, the transport coeffici
are given by (u0[v/ki0)

Dn5 (
k' ,v

DMS v i

ve
D 2S 12

v

v* i
D Dki

ki0
S u0

v i
D 4

3exp@2~u0 /v i !
2# ~25!

and

DT5 (
k' ,v

DMS v i

ve
D 2 Dki

ki0
S u0

v i
D 4S u0

2

v i
2

2
1

2D
3exp@2~u0 /v i !

2#. ~26!

These expressions have been simplified with an expansio
lowest order in the parameter (Dki/2)/ki0 , which is small in
virtue of the narrow width of the spectrum.

We now consider the heating term~11! for the ions. As
we have found, the electron parallel energy flux, Eq.~22!,
consists only of the electron–ion drag term, which com
from the incoherent part of the distribution function. Phy
cally this term reflects the shielding of the incoherent flu
tuations by the plasma dielectric and the consequent e
sion into the plasma normal mode. The damping of th
modes on the ions produces anomalous ion heating. Fou
transforming Eq.~11! we obtain

H̄ i52R i(
k,v

ki
u

c
^AiJi ,i&k,v ,

where we assume steady-state, homogeneous turbule
The ion current can be related to the electron response u
Ampére’s Law,

Ji ,i5E d3vev i@d f e
ad1RA

eAi#1E d3vev ih̃e1
ck2

4p
Ai ,

where again the electrostatic contribution has been omit
Introducing this expression in the ion heating express
~disregarding the adiabatic partd f e

ad and the term propor-
tional to k2 since they will give no contribution! we obtain

H̄ i5R i(
k,v

ki
u

cE d3vev i@RA
e~k,v;v !^AiAi&k,v

1^Aih̃e~v!&k,v#.
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Using the self-consistency constraints Eq.~13! and perform-
ing the velocity space integration over the resonant elec
response, we find that the ion heating can be expresse
terms of the electron parallel energy flux associated w
magnetic turbulence,

H̄ i5(
k,v

2
uVeu

u

ki

kÃb0"r
Q̄e

i ~k,v!. ~27!

Here Q̄e
i (k,v) is the right-hand side of Eq.~21!, excluding

the summation sign,Ve[2eB/(mec), andkÃb0"r is essen-
tially k' . This equation represents a turbulent energy b
ance which ties the ion heating to the ambipolar-constrai
electron parallel energy transport. Since the underly
physical process is the absorption by the ions of waves e
ted by electron clumps, we refer to it as a turbulent Kirc
hoff’s Law. Note that this relation is general, i.e., it appli
to any plasma with magnetic fluctuations, independent of
specific mode, provided the assumptions of a collisionl
plasma and moderate line broadening are satisfied. The
proportionality factor in Eq.~27!, uVeu/u, is the inverse dis-
tance traveled by an electron in a gyroperiod. The inve
dependence onu reflects the fact that a slowing of the ele
tron loss rate tou enhances the energy transfer to ions.
MST-like plasmas, this factor is large. Even though the f
tor ki /k' is small, the overall proportionality factor in Eq
~27! is large~of the order of 103– 104 cm21 for MST param-
eters!. Physically, the large factor applied to ion heating re
tive to the radial electron energy flux is explained by the f
that the magnetic field lines wrap many times around
torus before diffusing radially by a small amount. As a co
sequence, electrons following the field lines have the opp
tunity to deposit, through the ambipolarity constraint, a s
nificant amount of energy to the ions before undergo
appreciable radial diffusion. We also note that the direct p
portionality between the ion heating and the electron fl
implies a decrease of the electron temperature due to par
heat losses whenever ion heating is present. However,
loss is small compared to nonambipolar constrained h
losses, if such occur.

In the adiabatic ion limit (u/v i,1) we first perform the
required integration over the ion response, and then thki
summation. For a resonant~superscriptr ) and nonresonan
~superscriptnr) spectrum we obtain, respectively,

H̄ i
r5 (

k',v
DMv in0Ti

1

Lni

2

v

v* i
F S v

v* i
21D2

1

2
h i G ~28!

and

H̄ i
nr5 (

k',v
DMv in0Ti

1

Lni

2

v

v* i
F S v

v* i
21D

1h iS 1

2
2

u0
2

v i
2D G Dki

ki0
S u0

v i
D 2

exp@2~u0 /v i !
2#. ~29!

Here we have again simplified the results by expanding
the small parametersDu/v i ~resonant case! and (Dki/2)/ki0
~nonresonant case!. The presence of an ion thermal veloci
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in the ion heating expressions reflects the ambipolar phy
which leads to and ultimately governs the heating proces

Having performed the required summations, we are n
in a position to quantify better the relation between the
heating and the electron parallel energy flux presented in
~27!. We choose parameters typical of the core of the MS
Loosely speaking, the core is where them51, n56 – 8 tear-
ing modes are resonant. In the MST this occurs appro
mately atr .0.5a (a552 cm being the minor radius!. These
parameters, which include the widthDki of the fluctuation
spectrum, the profile parametersLni

and LTi
, and the fre-

quency of the relevant fluctuations, are not well establish
either theoretically or experimentally. To obtainDki we ob-
serve that the magnetic fluctuation spectrum in the M
~Ref. 27! is broad and its power is concentrated in them
51, n56 – 8 core-resonant tearing modes. Using the po
nomial function model28 to fit typical MST equilibrium pro-
files for the magnetic field, we obtainDki50.86 m21. Tem-
perature and density profile diagnostics in the MST ha
limited resolution. There is, however, some evidence tha
r /a.0.5 both profiles tend to be broad, with the dens
usually being more peaked. We assumeLn,i5270 cm and
h i50.1. The flatness of these profiles is also responsible
the small values of the diamagnetic frequencies in the c
region. We assumev* ,i525000 Hz andv* ,e510 000 Hz.
Finally we turn to an assessment of the mode frequencyv.
The theoretical expressions we have derived are sensitiv
the value of the fluctuation frequency. For example, consi
the electron parallel energy flux driven by a resonant fl
tuation spectrum@Eq. ~22!# with transport coefficients given
by Eqs.~23! and ~24!. With h i!1, it is easily seen that the
total flux is outward whenv.0 @i.e., for mode rotation in
the direction of the electron diamagnetic frequency, as
fined after Eq.~6!#. On the other hand, for mode rotation
the ion direction (v,0) the flux is outward ifuvu,uv* i u.
Similarly, the ion heating@Eq. ~28!# is positive whenv.0,
but becomes negative for negative values of the freque
such thatuvu,uv* i u. Unfortunately, fluctuation frequencie
in the plasma frame are not well known from measureme
Likewise, there are no theoretical predictions available
fluctuation frequencies at the present time. The freque
depends not just on pressure gradients, but on the nonli
torques that govern rotation. Deriving the frequency lies o
side the scope of this work. Therefore, in our calculations
will assume that the modes rotate~in the plasma frame! in
the electron diamagnetic direction, and takev50.8v* ,e

58000 Hz.
Using these parameters as representative of the cor

the MST, we quantify the relation between the ion heat
rate and electron parallel energy transport by considering
following temperature evolution equations for ions and el
trons:

d

dt S 3

2
niTi D5Hi , ~30!

d

dt S 3

2
neTeD52“"Qe

i , ~31!
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whereQe
i andHi are given, respectively, by Eqs.~22!–~24!

and~28!. Note that Eq.~31! includes only the flux of paralle
energy, not the potentially larger perpendicular energy fl
discussed in the next section. HenceTe evolution in the ex-
ercise described here only tracks part of the electron en
loss. Assuming initial values of 350 and 150 eV for the ele
tron and ion temperatures respectively, and integrating E
~30! and ~31! with B̃/B53% for a time interval of 0.5 ms
we find that the ion temperature increases to 540 eV w
the electron temperature decreases slightly to 349 eV. E
if the flux of electron parallel energy associated with the
levels of magnetic fluctuations is small and leads to a v
small decrease inTe , the corresponding ion heating rate
large and induces a significant increase inTi during a saw-
tooth crash.

To end this section, we note that a comparison of
fluxes of electron parallel energy and ion heating rate in
cates that these are significantly smaller for a nonreso
spectrum@Eqs. ~25! and ~29!# than for a resonant spectrum
@Eqs.~23! and ~28!#. The reduction factor is proportional t
the nondimensional parametersDki /ki0 and u0 /v i . We re-
call that Dki is the width of the spectrum,ki0.0 is its
center-point, andu0[v/ki0 . The wave vectorki0 is equal to
the average value of the wave vectors associated with
modesm51, n56 – 8 which drive the edge spectrum in th
MST. We findki054.5 m21. Using this value and other dat
from the MST edge, we find that the parallel heat transp
coefficients are reduced by a factor.1.531025, while the
ion heating rate is reduced by.1.831023.

IV. RADIAL FLUX OF ELECTRON PERPENDICULAR
KINETIC ENERGY

The anomalous ion heating described in the previ
section is tied to the flux of parallel electron energy. Th
flux is ambipolar, independent of the fluctuation spectru
and therefore small. As already briefly mentioned, the str
ture of the flux of perpendicular energy differs substantia
from that of parallel energy because the quasilinear cond
tive flux survives the cancellation of drag and diffusion. F
a resonant spectrum this impliesQe

'@Qe
i . For a nonresonan

spectrum, however, the major contribution comes from
ion drag, or ambipolar-constrained part of the flux, so t
Qe

'.Qe
i . Consequently, it is very important to consider t

flux of perpendicular energy whenever the dominant con
bution to the fluctuation spectrum comes from reson
modes~as in the core of the MST!. In this case, the flux of
perpendicular electron heat dominates the energy losses
is responsible for the decrease of the electron tempera
observed during bursts of magnetic activity in the MST.7

In this section we present expressions for the radial co
ponent of the electron perpendicular heat flux for both re
nant and nonresonant spectra. As in the parallel case
expect ion heating to be associated with the ambipolar
of the perpendicular electron heat flux. Calculation of t
heating lies outside the drift-kinetic formalism employ
herein, and is left for future work. The radial component
the anomalous perpendicular electron heat flux can be ca
Downloaded 09 Feb 2007 to 128.104.165.60. Redistribution subject to AIP
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lated following a similar procedure as that employed in S
III to calculate the parallel heat flux.16 We have

Q̄e
'52FveS D T

ee 1

LTe
D 1v i S D n

ei 1

Lni

1D T
ei 1

LTi
D Gn0Te ,

~32!

where in the resonant case the transport coefficients
given, to zero order in@v/(Dki /2)#/v i,1, by

D T
ee5 (

k',v
DM , D n

ei5 (
k',v

DMS 12
v

v* i
D ,

~33!

D T
ei5 (

k',v

1

2
DM .

For a nonresonant spectrum, we expand in (Dki /2)/ki0,1
and obtain

D T
ee5 (

k',v
DM

Dki

ki0
S u0

ve
D 2

,

~34!

D n
ei5 (

k',v
DMS 12

v

v* i
D Dki

ki0
S u0

v i
D 2

exp@2~u0 /v i !
2#,

D T
ei5 (

k',v
DMS u0

2

v i
2

2
1

2D Dki

ki0
S u0

v i
D 2

exp@2~u0 /v i !
2#.

~35!

Note that in deriving these expressions we have assumed
the perpendicular energy of the electrons in the incohe
distribution,ṽ2[*d2v'v'

2 h̃/*d2v'h̃, is equal to the therma
energyve

2 .
From these expressions we see that, in the core re

~resonant spectrum!, the major contribution to the flux come
from its quasilinear part because of itsve-rate ~compared to
thev i-rate of the drag part!. In the edge region~nonresonant
spectrum! the transport coefficients present in the drag p
of the flux are reduced by a factor}(Dki /ki0)(u0 /v i)

2. This
is much larger than the reduction of the quasilinear part
the flux }(Dki /ki0)(u0 /ve)

2. Consequently, the major con
tribution in the edge region comes from the drag part.

We end this section by making a more quantitative co
parison between the fluxes of parallel and perpendicular
ergy in the core. We obtain

Q̄e
'

Q̄e
i }

veDMLTe

21n0Te

v iDM~v i /ve!
2LTi

21n0Te

5S ve

v i
D S ve

v i
D 2 LTi

LTe

.S mi

me
D 3/2

@1,

where in the last step we have assumed equal temperat

V. A HEURISTIC TRANSPORT MODEL

To determine if the expressions presented in the previ
sections are able to qualitatively reproduce the time evo
tion of the electron and ion temperatures during a sawto
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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crash in the core region of the MST, we consider the follo
ing heuristic transport model for coupled evolution ofTi and
Te :

d

dt S 3

2
niTi D5Hi

an1Hi
cl2

3
2niTi

tEi
, ~36!

d

dt S 3

2
neTeD5He

Ohm1He
cl2

S

V
~Qe

an,i1Qe
an,'!2

3
2neTe

tEe
.

~37!

Here there is a term depending on the ion energy confi
ment timestEi , which reflects losses associated with clas
cal and electromagnetic anomalous ion transport. The co
sponding term in the electron equation reflects classical
electrostatic anomalous electron transport losses.

We use this model to simulate the core region of
MST, taking the anomalous ion heating rateHi

an to be given
by Eq. ~28!, Qe

i by Eq. ~22! with coefficients given by Eqs
~23! and ~24!, andQe

' by Eqs.~32!–~33!. The quantitiesS
andV are a surface in the core region (0<r /a<0.5), and the
volume it encloses. The remaining terms are the class
heating associated with equipartition,Hcl, which in cgs units
can be expressed as

Hi
cl52He

cl55310237
~memi !

1/2n0 ln L ie

~meTi1miTe!
3/2

~Te2Ti !

~where lnLie.17), and the Ohmic heating deposited to t
electrons,He

0hm, which we assume is equal to 2.53107

~erg/s!/cm3 in the core region of the MST. For the remainin
parameters we use the same values as in the integratio
Sec. III. We first find that, in steady-state,tEe51.5 ms and
tEi53.1 ms. Experimental data on transport in the MST
dicate that these values are too large by a factor of 2 o
However, since our goal is to assess qualitatively the effe
of our expressions forQe and Hi , we neglect this discrep
ancy and proceed with the simulation, keeping in mind t
transport rates will not be realistic. We integrate the t
equations in time, following the evolution ofTe and Ti in
response to a change in the magnetic fluctuation level
simulates the occurrence of a sawtooth crash. The resu
the integration is presented in Fig. 2. This figure shows h
our model is able to capture the main trends of the ion
electron temperature responses to a sawtooth cycle~compare
with Fig. 10 of Ref. 7!.

VI. SUMMARY AND CONCLUSIONS

We have considered the problem of anomalous ion h
ing in magnetic turbulence, showing that ion heating is
natural by-product of magnetic turbulence. The heating
due to the absorption by ions of waves emitted by granu
tions in the electron distribution function. Since these
created and regulated by the magnetic turbulence itself, t
presence represents a continuous saturation process tha
verts the energy stored in magnetic turbulence into ion
netic energy. Physically the granulations, or incoherent fl
tuations, consist of groups of electrons which stream toge
along the perturbed magnetic field lines, remaining cor
Downloaded 09 Feb 2007 to 128.104.165.60. Redistribution subject to AIP
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lated for long times. As a consequence, these bunched e
trons effectively act as macroparticles. During their ballis
propagation, they are shielded by the plasma dielec
which consists of coherent electron and ion responses.
shielding process links the dynamics of clumped electr
and the dielectric, allowing a continuous exchange of m
mentum and energy between these two plasma constitue

To describe this process we use a drift-kinetic form
ism, retaining theE3B and magnetic flutter nonlinearities
The latter describes streaming of electrons along pertur
magnetic field lines. The conservative energetics of
shielding physics is imposed through quasineutrality a
Ampére’s Law. Within this mathematical framework, w
have evaluated the magnetic fluctuation-induced electron
ergy flux, and the rate of conversion of magnetic energy i
ion kinetic energy. The principal findings are as follows:

~1! Under the assumptions of moderate resonance broa
ing and collisionless dynamics, the magnetic fluctuatio
induced flux of electron energy parallel to the magne
field is ambipolar. The source of the ambipolar co
straint originates with the wave-particle resonance fac
d(v2kiv i), which applies to both the incoherent ele
tron fluctuations and the coherent electron response. T
leads to a cancellation of the quasilinear diffusion w
the electron–electron drag, leaving the dissipative int
action of the electron–ion drag as the only parallel e
ergy transport mechanism. This result does not requ
any particular form of the magnetic fluctuation spectru
or any particular choice of the ion response.

~2! The reduction of the electron loss rate to one control
by the ion thermal velocity implies an anomalous tran
fer of energy to the ions. Consequently, the ion heat
rate is proportional to the radial flux of electron paral
energy. The heating is accomplished through the abs
tion by ions of waves emitted by electron clump
Hence, the proportionality relationship can be rep
sented as a turbulent generalization of Kirchhoff’s La
usually associated with discreteness effects. There
significant amount of heating associated with the fl

FIG. 2. Time evolution ofB̃/B0 , Te , andTi .
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of parallel electron energy because electrons stream
large parallel distances, all the time heating ions, bef
undergoing appreciable radial diffusion. The flux
electron parallel energy in the turbulent Kirchhoff’s La
implies a decrease of the electron temperature due
parallel heat losses whenever ion heating is present.
decrease is small because the ambipolar-constrained
allel energy flux is small.

~3! In the MST, the fluctuations that drive transport are re
nant in the core region and nonresonant at the pla
edge. While the turbulent Kirchhoff’s Law holds ever
where by virtue of the ubiquitous ambipolar character
the parallel energy flux, the total electron energy lo
~including both parallel and perpendicular energy! varies
considerably, depending on whether the fluctuation sp
trum is resonant or nonresonant. For a resonant s
trum, the flux of perpendicular electron energy is no
ambipolar, and hence much greater than
corresponding parallel energy flux. This suggests that
decrease in electron temperature observed in the M
core during sawtooth events is likely due to electron p
pendicular energy losses. In the core of the MST, wh
the spectrum is resonant, we have found that the flux
perpendicular energy is of the order of 104 larger than
that of parallel energy.

~4! We have solved a simple zero-dimensional transp
model for the nonlinearly coupled electron and ion te
peratures. The model incorporates the anomalous
heating rate from the ambipolar-constrained parallel
ergy flux, and the electron heat loss rate from t
nonambipolar-constrained flux of perpendicular ene
~as just observed,Qe

'@Qe
i in the core!. Simulating a

sawtooth event as a transient burst of magnetic ene
during one millisecond, we have obtained ion and el
tron temperature transients that are qualitatively l
those observed in the MST.

The ion heating calculation presented in this paper
generic, i.e., it is not specific to any particular type of mod
We stipulate only that there is a collective resonance in
turbulent spectrum that drives instability. Therefore, in pr
ciple our results could apply to other situations with anom
lous ion heating and high levels of magnetic fluctuatio
These include magnetic fusion experiments with relax
magnetic fields, such as the spheromak, and experim
with reconnection, such as the MRX. Astrophysical situ
tions are also included. Whether, in fact, the ion heat
observed in these other cases is due to the mechanism
ied herein remains speculative and must await further stu

A variety of other issues requires further study and cla
fication. Our results do not directly apply to collisional r
gimes or those with strongly broadened resonances. In t
cases the simple proportionality between electron parallel
ergy flux and ion heating is replaced by a more complica
relationship. We have also assumed stationary turbule
The existence of growing modes, for example, alter
simple resonant energy exchange mechanism between
tron clumps and normal modes. The turbulent Kirchhof
Downloaded 09 Feb 2007 to 128.104.165.60. Redistribution subject to AIP
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Law ties ion heating to the radial flux of electron paral
energy. We also expect ion heating associated with
ambipolar-constrained part of the electron perpendicular h
flux. We have presented expressions for the electron per
dicular energy flux, but have not attempted to generalize
turbulent Kirchhoff’s Law by including ion heating from th
flux of perpendicular energy. This requires gyrokinetic fo
malism and is left for future work. Future work must als
address the issue of the fluctuation frequency. We anticip
that diamagnetic effects and rotation play a role, but also
incoherent emission process, which is known to broaden
power spectrum at fixed wave number.
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